Three phenomenological models are developed to predict Li-ion battery behavior. The 1-D force model predicts Li-ion intercalation induced force in pack conditions. The 1st order relaxation model predicts Li-ion swelling during rest periods. The 3-D swelling model predicts the swelling shape for all SOC regions. Using advanced controls, these models can enhance battery pack capabilities. a r t i c l e i n f o The model incorporates a nonlinear elastic stiffness to capture the mechanical consequences of Li-ion intercalation swelling. The model also separates the entire state of charge range into three regions considering phase transitions. The 1st order relaxation model predicts dynamic swelling during relaxation periods. A coefficient of relaxation is estimated from dynamic and quasi-static swelling at operational conditions. The 3-D swelling model predicts the swelling shape on the battery surface for all states of charge. This model introduces an equivalent modulus of elasticity, which is dependent on the state of charge, to capture material transformations of the electrodes, and the orthotropic expansion of the jellyroll in a direction perpendicular to the electrode surfaces. Considering the simplicity of the measurements and direct physical correlations between stress and strain, the proposed models can enhance battery management systems and power management strategies.
Introduction
Volatility of oil prices, diminishing natural resources, and climate change are triggering many countries to investigate ways to reduce energy consumption. These trends motivate automobile industries to concentrate on the development of eco-friendly, highefficiency vehicles. With the growing market for electrified vehicles, attention for Lithium-ion (Li-ion) batteries has increased because Li-ion batteries are reversible power sources used in electrified vehicles. This trend can be attributed mainly to their ability to combine a high gravimetric/volumetric energy and power density, which leads to compact and low-weight batteries [1e3] . Moreover, low self-discharge rate and long cycle-life make Li-ion batteries widely popular in portable electronics. Indeed, Li-ion batteries are highly versatile energy storage devices for a variety of applications from small-scale portable electronics to large-scale electrified vehicles.
Recent market demands for advanced Li-ion batteries emphasize not only high-energy/power density but also improved reliability and safety for the application of electric vehicles (EVs) and hybrid electric vehicles (HEVs) due to the stringent safety standards for air and ground applications [4] . The safety and reliability of Liion batteries, both of which are critical for the development of EVs and HEVs, can be improved with accurate battery models combined with novel battery management strategies. Thus, there have been considerable efforts to develop battery models to depict the dynamics of Li-ion batteries. These include electrical equivalent circuit models [5, 6] , electro-chemical models [7] , and the heat transfer models [8e11] . Moreover, the exploitation of various control methods and strategies for battery management system (BMS) is increasing [12e14] .
The effects of stress caused by Li-ion intercalation/deintercalation and the effects of mechanical loads on the cell performance depend on physics ranging from micro-scale to macro-scale. The mechanical fatigue associated with cycling may lead to performance degradation, capacity loss, and eventual failure [15e20] . The effects of prestress and stress evolution on the fading of the battery capacity over time/cycling have been studied through experiments [21, 22] . This suggests that mechanical damage in electrodes is driven by the stress and strain fields that are induced from repeated cycling. These studies have provided a useful foundation for developing fracture criteria and characterizing the relationship between mechanical forces and Li-ion intercalation during charge and discharge cycles. In contrast to micro-scale [23e25], the macro-scale stress and strain responses are directly observable and measurable with high accuracy. This suggests that the development of phenomenological battery models can improve the safety and reliability of batteries, and eventually enhance the lifespan and capability of battery cells and packs.
This paper proposes three phenomenological force and swelling models for Li-ion batteries. The 1-D force model includes a nonlinear elastic stiffness to capture the inherent mechanical consequences of Li-ion intercalation; the measured force not only varies with the state of charge significantly but also shows significant nonlinear characteristics with respect to the amplitude of Liion intercalation swelling. Moreover, this model recognizes three separate SOC regions delimited by phase transitions. The 1st order relaxation model predicts dynamic (transient) swelling during relaxation periods by using a visco-elastic mechanical relaxation approach. The 3-D swelling model uses a high fidelity finite element model of the battery. This 3-D swelling model accounts for the dependence of an equivalent modulus of elasticity on the state of charge (SOC) . Also, the model captures the orthotropic expansion in a direction perpendicular to the electrode surfaces. Therefore, this model can predict the swelling shape on the battery surface over SOC. Validation was accomplished by comparing predicted overall free swelling shapes with measurements at a variety of SOCs. This model is useful to predict the overall swelling shape and the magnitude of swelling at a certain location during actual operational conditions, i.e. constrained conditions. The three models proposed herein can be used to improve existing battery management systems by enabling novel power management schemes as suggested in Ref. [51] .
Experimental set-up and measurements
This study used a flat-wound type prismatic 5 Ah Li-ion battery cell. Detailed information of the Li-ion battery cell and experimental set-up is available in Refs. [26, 27] .
In a first experiment, dynamic (transient) free swelling was measured over SOC. The net displacement at the center of the battery (location 13 in Fig. 1) was measured with respect to SOC during discharge using a standard constant current discharging profile. Prior to discharge, the battery was fully charged using a CCCV protocol at 2 A (0.4 C) and rested 3 h at a fixed temperature of 25 C regulated by a thermal chamber. The voltage was clamped after reaching 4.1 V, at which time it was held until the current tapered to C/100 (50 mA). Discharge was performed down to 3.0 V at 1.0 A (0.2 C). Measurements with a thermocouple showed that the applied current did not cause significant heating without thermal swelling. Also, the battery cell surface remained within 0.1 C from the regulated 25 C ambient temperature during discharge. The swelling at 0.2 C therefore allows direct correlations to be made between swelling and Li-ion intercalation in a cell sandwich without significant convolution by thermal expansion. Note that discharge at a low C-rate is essential to obtain pure Li-ion intercalation swelling because discharge at a high C-rate is accompanied by thermal swelling [26] .
In a second experiment, the quasi-static free swelling was measured over SOC. In this experiment, the relative expansion in the z direction (perpendicular to the electrodes), was measured at 5 locations labeled as 7, 9, 13, 17, and 19 in Fig. 1 . Prior to discharge, the battery was fully charged using a CCCV protocol. To obtain the desired SOC ranging from 0% to 100% with 5% increments, the battery was incrementally discharged at a 0.4 C rate (0.4 C current of actual capacity) with an appropriate time (7.5 min). Each incremental discharge was followed by 3 h of rest time to ensure that the system reached equilibrium after each incremental discharge.
In a third experiment, swelling at the fully charged state was measured with sensors sequentially placed at locations 1 to 25 in Fig. 1 . This experiment used the same protocol as the first experiment except for the C-rate which was 0.4 C. The swelling at the fully charged state was measured after 3 h of rest time to ensure that thermal swelling due to the increased C-rate did not affect the measurements.
In a fourth experiment, the quasi-static force was measured over SOC with another experimental set-up. Details of the experimental set-up can be found in Ref. [28] . Specifically, forces created in a pack of 3 cells were measured during quasi-static charge and discharge with 3 different initial preloads. The battery pack of interest consists of dozens of batteries connected in series, and plastic spacers are placed between cells [28] . To mimic these conditions, the experimental set-up consists of 3 nominally identical cells connected in series and mechanically sandwiched between two 1-inch thick garolite plates assembled with 4 bolts at their corners. Each bolt was instrumented with a load sensor (LC8150-250-100, USA). The entire set-up was placed inside a thermal chamber (Cincinnati Sub-Zero ZPHS16-3.5-SCT/AC, USA) that controls the desired temperature (25 C). The plastic spacers between cells allow air to flow between batteries while also constraining the batteries from expanding. Hence, the force measured in this set-up can represent the force induced from the volume change of batteries in an actual battery pack.
Phenomenological 1-D force model

Model description
Two different experiments were carried out to characterize the quasi-static response of the battery cell in Section 2, namely the swelling versus SOC and the force versus SOC at steady state thermal equilibrium. The relationship between force and swelling can be determined when such two experiments are used together (and the curve of force versus swelling is parameterized by the SOC). However, experimental conditions were different; the swelling was measured at free conditions without the plastic spacer and with no preload, while the reaction force was measured at constrained conditions with the plastic spacer and with preload. Hence, governing equations have to be obtained to couple these two experiments considering these differences. These equations are derived in this section. Based on governing equations, equivalent stiffness values are obtained for the case, jellyroll, and spacer. Next, the force is predicted at actual operational/pack conditions. Three different conditions are considered to describe the experiments. These conditions represent the quasi-static behavior of: (a) the battery cell at free conditions during Li-ion intercalation; (b) the swelling of battery cell outfitted with a spacer where a constant preload was applied; and (c) the force applied from tightening the bolts of the fixture constrains the battery cell and spacer with a constant preload during Li-ion intercalation. It is assumed that the equivalent stiffness at free and constrained conditions is approximately the same. Fig. 2 (a) depicts the quasi-static behavior of the battery cell at free conditions, i.e. the measurement of free swelling without any constraint during Li-ion intercalation. This experiment is conducted with a battery cell which consists of the case and the jellyroll. Thus, two equivalent stiffness elements are modeled: the equivalent stiffness k a $of the active material (jellyroll), and the equivalent stiffness k c of the case. Both these equivalent stiffness values refer to the relationship between the total force applied on the cell and the deflection of the cell in a direction perpendicular to the electrodes. Note that these two stiffness elements are connected in parallel (and not in series) because the case restricts the expansion of the jellyroll. A nonlinear model is used for the jellyroll [36] to account for the dependence of force on swelling as
where F a is the force in the jellyroll created by Li-ion intercalation, while k a1 and k a2 are the linear and nonlinear equivalent stiffness values. s f a is the swelling of the jellyroll when the jellyroll is not constrained by the case, i.e. the expansion of the jellyroll without any constraints. Superscript f denotes free swelling conditions. Consider as initial state the fully delithiated state when no force is exerted in the battery cell. When the battery is charged, Li-ions move from cathode to anode. This process leads to a volume expansion of the jellyroll (which leads to the swelling s f a ). During Liion intercalation, the case impedes the expansion of the jellyroll when the jellyroll is placed inside of the case due to the stiffness of the case. Thus, the equivalent swelling of the battery cell (denoted as s f c in Fig. 2(a) ) might be smaller than the swelling of the jellyroll without the case.
At the equilibrium state, the jellyroll is compressed, while the case is stretched from their original size because the volume of the jellyroll changes due to Li-ion intercalation. Hence, different forces are induced into each component. A compressive force acts on the jellyroll, whereas a tensile force acts on the case. The resultant force is zero at mechanical equilibrium. Thus, the compression force which acts on the jellyroll (F a in Fig. 2(a) ) is the same as the compressive force which acts on the case (F c in Fig. 2(a) ). The superscript f and c denote unconstrained and constrained swelling conditions. The deformation of the case is s 
Fig. 2(b) describes the initial assembly of the force experimental setup where the Li-ion battery cell is assembled with a spacer. Therefore, one more stiffness element which depicts the equivalent stiffness of the spacer (k s ) in a direction perpendicular to electrodes is added in series. An external load (F 0 ) is applied to the battery in the experiment by tightening the bolts of the fixture to replicate conditions experienced in a battery pack. This external load results in initial displacements for the spacer and the case (s 0 and s 0c in Fig. 2(b) ). Thus, the total deformation of the spacer is s 0 Às 0c . At equilibrium, a compression force acts upon all elements due to the external load. The compression force which acts on the spacer is the external load. Thus, F 0 ¼ F s as shown in Fig. 2(b) . This load is also the same as the sum of forces which act on the case and jellyroll. Thus, Fig. 2(b) . Equating the compression force acting on the spacer with the compression force acting on the case and the jellyroll, one obtains
Fig. 2(c) illustrates the force measurement during Li-ion intercalation at constrained conditions. In this figure, the battery cell and spacer are fixed on both sides by two rigid end plates with a preload. Then, the charge state of the battery cell is changed and the reaction force is measured by the load cells. The unconstrained swelling of the jellyroll s f a shown in Fig. 2 (a) and 2 (c) is the same because it is the swelling of the jellyroll without any constraints. However, the swelling of the jellyroll and case (s c c ) is different than the swelling of the jellyroll at free conditions (s f c ) because of the stiffness of the spacer and because of the fixed conditions. During operation in constrained conditions, the case is stretched (similar to the free swelling conditions) while the jellyroll and spacer are compressed. The stretching of the case is s c c , whereas the compression of the jellyroll and spacer are s f a À s c c and s c c þ s 0 respectively. Note that the initial displacement of the spacer due to the preload should be considered because the charge/discharge process is conducted with preload. Therefore, a tensile force acts on the case, whereas a compressive force acts on the jellyroll and spacer. The force acting on the jellyroll equals the sum of the forces acting on the case and spacer, as shown in Fig 
The measurement location for the force is the side wall (shown as a filled square in Fig. 2(c) ). The load cells are placed between the rigid end plate and the heads of the bolts. Hence, the measured force is the same to the compression force acting on the spacer. One obtains
Eq. (2) defines the relationship between the unconstrained swelling of the jellyroll (s Eq. (3) defines the relationship between the initial displacement of the spacer (s 0 ) and that of the battery cell (s 0c ) due to the external load. Using this equation, the initial displacement of the spacer can be expressed in terms of that of the case (battery cell) as
Eq. (4) defines the relationship among the unconstrained swelling of the jellyroll (s 
The full expression of Eq. (6) is omitted here for the sake of brevity. The inputs are the free swelling of the case at free conditions and the initial displacement of the case, suggesting that the force due to Li-ion intercalation at actual pack conditions can be estimated if the free swelling in terms of SOC and initial displacement are available. Fig. 3(a) illustrates the measured force and swelling over SOC due to Li-ion intercalation during discharge at 25 C. The solid line, dotted line, and dash-dotted line are the quasi-static force, quasistatic swelling, and dynamic (transient) swelling at the center point on the battery cell (labeled as 13 in Fig. 1 ). The overall trends for the force and swelling are similar, suggesting that these trends have the same physical origin. The volumetric changes in each electrode cannot be distinguished from the available measured force and swelling. However, the volumetric changes are due mainly to the volume change of the negative electrode (made of graphite intercalation material) because the volume change of the positive electrode (made of nickel/manganese/cobalt-oxide) is less than 1% [29] . Moreover, the overall shape of the measured swelling and force is similar to the average interlayer spacing of graphite within the negative electrode [30] . These observations support the hypothesis that the measured force and swelling can be attributed mainly to volumetric changes within the negative electrode due to Li-ion intercalation. Note that the measured force is around 600 N at 0.0 SOC because of the preload.
Parameterization and validation
The difference between the quasi-static swelling and the transient swelling measured at 0.2 C is almost the same in high and low SOC regions. In contrast, the difference around 0.5 SOC is larger than other regions even though it is not significant; the maximum difference is 4.5 mm in the middle range of SOC. This observation coincides well with the dependency of phase volume fraction on the C-rate [31] and the surface structural disordering during transient states [32] . Especially, the volume fraction of Li x C 6 depends significantly on the C-rate [31] . Thus, the swelling in the middle range of SOC might depend on the C-rate. In contrast, negative electrodes have single phase in high and low SOC regions, suggesting that the swelling might be constant regardless of the C-rate in these regions.
The effects of phase transition are more clearly observed in the measured force in terms of swelling at steady-state (shown as symbols in Fig. 3(b) ). The force increases nonlinearly over the SOC and displays a piece-wise parabolic shape in regions I (0%e40% SOC) and III (65%e100% SOC). Moreover, a sharp change in the relationship between force and swelling is observed in the middle range of SOC, region II (40%e65%). This observation suggests that material properties depend on the SOC due to some of the phase transitions [33] . Based on these experimental observations, we hypothesize that material properties do not change significantly in region I and region III. Thus, the equivalent stiffness of a jellyroll is constant in region I and separately in region III, but these values are different because of phase differences.
The small variation in material properties in regions can be explained by the micro-structure. Denote by stage-n and stage-nL a single Li intercalated layer for every n graphite sheets, where L indicates the disordered (liquid-like) lithium-ion intercalation (see Ref. [33] for the details about the phase transition of the graphite intercalation). A region is referred to as stage-n when stage-n is dominant compared to other phases in that region, but stage-n not the only stage.
The material properties of stage-4L, stage-3L, and stage-2L are assumed to be similar for low SOC (region I) and material properties of stage-2 and stage-1 are assumed to be similar for high SOC (region III). Transitions between stages can lead to a mixture of several stages which can merge and separate during transitions [50] .
Note also that the change in porosity in the separator might also contribute to nonlinearity in high and low SOC regions. A decrease in porosity can result in a higher stiffness of the jellyroll because more material is bearing the load [35] , manifesting itself as an upward slope in Fig. 3(b) .
Material properties significantly change in the middle range of SOC (region II). Two possible reasons are that multiple phases exist around 0.5 SOC [31, 35] , that the liquid-like stage (stage-2L) changes to the solid stage (stage-2) [33] , or combination thereof. Although, the exact origin of this significant change in the middle range of SOC is not understood completely, experimental results show that the equivalent stiffness of the jellyroll for region II is a combination of that for regions I and III. Therefore, k a1 and k a2 for region II were estimated by using k aðRÀIIÞ ¼ ak aðRÀIÞ þ bk aðRÀIIIÞ ðwhere a þ b ¼ 1Þ;
where a and b denote contribution factors for each phase respectively, and RÀ in the subscript brackets denotes the region. The stiffness of the spacer k s , that of the case k c as well as the initial displacement of the battery cell s 0c (due to preload) are the same for all regions because the phase transition does not affect these parameters. In summary, seven parameters, namely k s , k c , k a1(RÀI) , k a2(RÀI) , k a1(RÀIII) , k a2(RÀIII) , and s 0c , were estimated from the measured force and swelling with a nonlinear least squares method. Then, a and b were explicitly calculated with estimated parameters and the force to estimate the equivalent stiffness of the jellyroll for region II.
The solid line in Fig. 3(b) shows the nonlinear least square fitting results with identified parameters based on measurements (triangle symbols). The coefficient of determination (R 2 ) is over 0.996 for all fitted regions, suggesting that the fitted curves are consistent with measured data. The identified parameters are listed in Table 1 . The equivalent stiffness for the case is much smaller than that of the jellyroll because the case is very thin. However, the equivalent stiffness of the jellyroll is much smaller than that of the spacer. This may be due to the voids between in the rolled jellyroll and/or due to the electrolyte inside of the battery cell [34] .
For validation, the model predictions were compared to measurements at different preloads. The initial displacement (s 0c ) was the only value adjusted to match the initial force at 0.0 SOC with the same equivalent stiffness of each component as listed in Table 1 . The dashed line and the dotted line show model predictions in Fig. 3(b) , whereas the square symbols and the circle symbols show measured data at different preloads. The model predictions are in excellent agreement with the measured data, suggesting that the estimated parameters are reliable and accurate and thereby the proposed model can predict the electro-chemical induced force at any preload during the operation conditions, i.e. actual pack conditions. The constant values of a and b are shown for regions I and III also. In these regions, a and b are either zero or unity. In contrast, the value of a decreases and the value of b increases over SOC in region II as we assume that the equivalent stiffness of the jellyroll for region II depends on the phase transitions occurring in that region. Fig. 3(d) shows the variation of the equivalent stiffness over SOC. Similar to the contribution factors, each equivalent stiffness is constant in regions I and III, whereas they vary in terms of SOC in region II.
Phenomenological relaxation model
The key idea for a relaxation model is that the force due to the volume change of a cell has two main origins: elasticity and 1st order viscoelastic mechanical relaxation. However, no viscous force occurs at steady state where all velocities are zero. One obtains
where F ES , F ED , and F VD represent the elastic force at steady state, the elastic force at a dynamic state, and the viscous force (at a dynamic state). c and c _ s f cD denote viscosity and the velocity of the case at free condition (and a dynamic state). Thus, the swelling difference between the steady and dynamic states in high and low SOC regions may originate from the 1st order viscoelastic mechanical relaxation as aforementioned in Section 3. Note that the difference in the middle range of SOC is due to the dependency of phase volume fraction on the C-rate as well as the mechanical relaxation.
Consider the relaxation of the battery cell following a full discharge. Since phase transitions have concluded before this relaxation period starts, the temporal variation of the force and swelling can be modeled with two 1st order relaxations (two time constants); one for the thermal relaxation and the other for the viscoelastic mechanical relaxation [26] .
The elastic force in a battery cell due to Li-ion intercalation is the sum of the force due to two spring elements in Fig. 2(a) 
where c 0 is an equivalent coefficient of the 1st order viscoelastic relaxation at 0.0 SOC. The coefficient c 0 can be estimated by using measurements at one SOC value (e.g., at 0.0 SOC) to obtain 
The results in Fig. 3 show that there is a difference between the measured quasi-static swelling and dynamic swelling following a 0.2 C-rate discharge. In particular, this difference can be observed at 0.0 SOC after the current has been stopped. The value of _ s f cD can be obtained by using finite differences in time from the measured data. Next, the value of _ s f cD together with the values of the quasistatic and the dynamic swelling at the moment when the SOC is Note that the stiffness coefficients and the coefficient of the 1st order viscoelastic relaxation in Eqs. (9) and (10) depend on the SOC. Hence, we use Eqs. (9) and (10) only for a fixed value of SOC, namely 0.0.
The proposed approach was applied to the relaxation period at the end of a full discharge. The initial swelling for the relaxation period was the swelling measured at the end of a 0.2C discharge. The equivalent stiffness values used were those obtained for region I (see Table 1 ) because the SOC is 0.0 during this relaxation. Please note the assumptions employed for this model. These require careful consideration when applying this model. Also, the proposed method is an empirical approach whose use requires verification at more SOC values. Moreover, the model requires extensions and modifications for using it in the multi-phase region, i.e. around 0.5 SOC.
Phenomenological 3-D swelling model
Model description
To predict the swelling shape on the surface during various operational conditions, a 3-D numerical and phenomenological swelling model is proposed in this section. The size and location of the jellyroll inside a battery cell was estimated from the X-ray tomography (shown as a yellow domain in Fig. 5 ) [37] . Information from the dissection showed that the active material region is only slightly larger than the overall contact region between the jellyroll and the battery case. Hence, the contact region was approximated as the active material region (shown as a purple domain in Fig. 5 ). To distinguish the contact region (the center region of the jellyroll) from the noncontact region (top and bottom of the jellyroll), a 100 mm gap is modeled between the case and the jellyroll at the top and bottom sides of the jellyroll in the finite element model. Also, only the active material which contacts the case can contribute to the swelling of the case.
The models for other components such as the Aluminum battery case (shown as a semi-transparent gray domain in Fig. 5 ) and the plastic spacer (shown as a semi-transparent blue domain in Fig. 5) , which was made from polybutylene terephthalate by using injection mold, were also created with measured dimensions. The modulus of elasticity of the Aluminum case is 68 GPa. The modulus of elasticity of the spacer is 3.6 GPa, a value measured by nanoindentation and found to be consistent with previously reported values for polybutylene terephthalate.
These models were created to simulate two conditions. First, the free swelling of the battery cell was simulated to depict the measured swelling shape on the surface of the battery cell; two components, namely the case and the jellyroll, were used for this analysis. Second, the constrained swelling was simulated to illustrate actual pack conditions [28] ; four components, namely one case, one jellyroll, and two half spacers, were used. All components were modeled as a homogeneous solid media.
The jellyroll was modeled as a cuboid similar to Ref. [40] . The wound shape of jellyroll was not considered in that this part does not contact the case, and thereby it does not contribute to the swelling of the case. Only half of the plastic spacer was modeled on each side of the battery cell to reduce computational time. The spacer model was assembled with the battery cell model by using appropriate boundary conditions. For example, no separation with slip was assigned between the jellyroll and the battery case, between the battery case and the spacer, and between the spacer and the exterior walls. The resulting overall model simulates one of the three cells and the corresponding spacers used in the force experiments. Other components such as bus bars and terminals were not modeled for simplicity. It is assumed that the effects of these unmodeled components are relatively small and local, and thereby negligible. Fig. 4 . Measured dynamic swelling and simulation results with the phenomenological model during a relaxation period. 
Estimation of equivalent material properties
Simulations were carried out with a structural analysis package of ANSYS. An orthotropic thermal expansion was induced in the jellyroll to illustrate the Li-ion intercalation swelling because the swelling due to Li-ion intercalation is not directly available in the analysis package of ANSYS. The constitutive equation of the mechanical (elastic) strain with thermal strain and diffusion induced strain can be expressed as follows [19] .
where ε, E, y, s, and d denote the strain, the modulus of elasticity,
Poisson's ratio, the stress, and the Kronecker delta respectively. The coefficient of thermal expansion and the temperature variation from the reference value are denoted by a and DT. U and Dc are partial molar volume representing volume expansion caused by concentration of solute atoms, and the concentration variation of diffusion species from the reference value [19] . Eqs. (11) and (12) show that the intercalation-induced strain/ stress has an analogy to an anisotropic thermal strain/stress. Stresses caused by diffusion of solute atoms lead to a stress-strain relation similar to that due to temperature gradients. Also, the coefficient U/3 in Eq. (11) plays a role similar to the coefficient of thermal expansion in the analysis of thermal stress [41, 42] . This analogy suggests that computational solvers designed for modeling thermal expansion can be used for analyzing Li-ion intercalation expansion. This approach was used already to estimate the stress and strain due to Li-ion intercalation in graphite electrodes [24, 43] . Consider a Li-ion intercalation swelling in the z direction. An equivalent thermal expansion can be defined in the z direction while a small value of 0.01 of Poisson's ratio can be used to minimize the relative expansion in the x and y directions due to the swelling in the z direction. This approach accounts for the orthotropic expansion of Li-ion intercalation in a direction perpendicular to the electrodes.
Estimating an equivalent modulus of elasticity to be used in the 3-D model for the jellyroll is more complex. Consider a battery cell constrained with no preload between two rigid walls (plates) via spacers (as shown in Fig. 7) . A force F is generated on the constraining walls when the active material inside the battery cell swells. For a large stiffness of the spacer and of the case, the deformations of the spacer and the case are negligible because they are contacting the fixed walls. Hence, the case and the spacer do not contribute significantly to the force F. The active material is the component which contributes to F. Now consider the swelling of the active material when it is completely free, unconstrained by the case, spacers or walls. For the same electrochemical and thermal states, the swelling of the active material is s f a (as depicted in Fig. 2) . The ratio between F and h is an equivalent stiffness of the active material k aeq . This value is proportional to the modulus of elasticity E aeq of the active material. This modulus of elasticity depends on the SOC because k aeq depends on the SOC.
The coefficient of proportionality between the modulus and the equivalent stiffness in the 3-D model has to be the same as in the 1-D model. Thus, when one can use an arbitrary (non-zero, noninfinite) modulus of elasticity E ANSYS in the 3-D model in ANSYS, consider a swelling of the material and calculate an equivalent stiffness k ANSYS . Then, the ratio r ¼
EANSYS kANSYS
does not depend on the arbitrary selection of E ANSYS . The value r is a constant characteristic of the 3-D shape of the battery cell. It does not depend on the SOC and is easily determined by a single ANSYS static calculation of constrained swelling modeled as orthotropic thermal expansion and a small value of Poisson's ratio as discussed above.
Since the ratio r is the same in the 3-D and 1-D models, one obtains
The value of k aeq in Eq. (13) 
where k a1 and k a2 depend on the SOC as discussed in Section 3. Next, one obtains the equivalent modulus of elasticity of the active material using Eq. (14) into Eq. (13) as follows
Fig . 6 illustrates the evolution of equivalent modulus of elasticity over SOC. The solid, dashed, and dotted lines denote the equivalent modulus of elasticity for the jellyroll E aeq , its linear part (due to K a1 ), and its nonlinear part (due to k a2 ). These results show that the linear term is constant in the low and high SOC regions. As expected, the linear term changes around 0.5 SOC due to phase transition, and the nonlinear term monotonically increases over SOC. These observations are a direct consequence of the results in Fig. 3(d) . The nonlinear term contributes over 20% of the total modulus of elasticity at the fully charged state, suggesting that it is not negligible. The equivalent modulus of elasticity for the jellyroll E aeq also varies nonlinearly over SOC and shows a sudden change due to phase transition. However, the estimated equivalent modulus of elasticity for the jellyroll is much smaller than that of other battery components such as a cathode, an anode, and even a separator [45e47]. These results could be explained by the combined effect of the separator and electrolyte. Hundreds of ultra-thin film electrodes are stacked in the jellyroll. The lowest stiffness of all these layers influences the most the equivalent stiffness of the entire system (like in a series connection of springs). Hence, the Fig. 6 . The evolution of the equivalent modulus of elasticity for the jellyroll over SOC. stiffness of the separator might be dominant. Moreover, electrolyte fills the pores of the separator. Hence, the stiffness (and hence the equivalent modulus) of the separator can be represented as a combination of two spring elements (separator, electrolyte) connected in series for some regions and in parallel for other regions. Consequently, the equivalent modulus of elasticity for the cell can be of the order of one MPa because the modulus of the electrolyte is around 1 MPa [19, 48] , while that of the separator is of the order of hundreds of MPa [44] . However, the exact physical origin of the measured values is still not completely clear and further investigations are needed to elucidate the physical basis for the observed values.
Model validation
The measured 2-D swelling shape on the surface of the battery cell at the fully charged state (the third experiment in Section 2) is shown in Fig. 7(a) . The swelling is almost flat in the central area because of the flat wound jellyroll in that area and because Li-ion intercalation is uniform in the xy plane (the plane of the surface of the battery). In contrast, the swelling near the sides varies and is relatively small due to constraints from the case and due to the empty space inside the case, as shown in the X-ray tomography [37] . Relatively large expansion is observed at the bottom right side on the surface. That can be caused by the bus bars and the clamps which are inside the case and bind the jellyroll at its left side (also visible in the X-ray tomography). As described in detail in Ref. [26] , the complex shape of the jellyroll and the empty space inside the case result in asymmetric swelling at the edges. However, the effects of these complex components are not extending in the center of the cell where swelling is uniform. Therefore, the best locations for monitoring free swelling with just few sensors are in the center region. Fig. 7(b) shows the free swelling shape on the surface of the battery case from the 3-D phenomenological model at the fully charged state (1.0 SOC). The contour plot uses the same contour line values as those in Fig. 7(a) for easy comparison. In simulation, the orthogonal expansion in a direction perpendicular to the electrode is induced to match the magnitude of the swelling at the center of the surface (labeled as point 13 in Fig. 1) . Then, the model predictions are compared with measurements of swelling at other locations. The overall swelling shape and the magnitude of swelling are similar to experiments, except for the effect of the unmodeled clamps and bus bars. Fig. 7(c) shows the swelling along horizontal lines H1 to H5 labeled in Fig. 1 . Solid lines show estimated swelling from the 3-D model, while symbols show measured swelling at the fully charged state. The model prediction at the center region (H2 to H4) is in agreement with measured data. The swelling at the top side (H1) is also consistent with the experiments. However, the bottom side (H5) shows differences between the model and the measured data. This might be the effect of the asymmetrically located clamps and bus bars as aforementioned. The comparison between model prediction and experiments suggests that the assumptions made in constructing the model are reasonable, namely the wound shape of the jellyroll does not contribute significantly to the swelling shape of the case (due to empty spaces), and the bus bars and clamps do not need to be modeled for evaluating the shape of swelling, especially in the center regions. Fig. 7(d) illustrates the quasi-static free swelling at a variety of SOC (the second experiment). Three horizontal lines (labeled as H2, H3, and H4 in Fig. 1) show the model predictions, whereas symbols show measured data. Solid, dashed, and dotted lines denote free swelling at 0.9, 0.5, and 0.3 SOC respectively. The swelling shape predicted by the 3-D model is consistent with the measurements, suggesting that the orthotropic expansion model of the Li-ion intercalation swelling and the identified modulus of elasticity of the jellyroll are accurate. The free swelling predictions at other SOCs also are consistent with the measurements. Those results are omitted here for the sake of brevity. Simulations with the 3-D swelling model demonstrate that the proposed model is able to accurately predict the overall swelling shape on the surface of the cell.
Simulation at pack conditions
The proposed 3-D model for one battery cell is useful in several ways. For example, this model can be used to construct the model of a battery pack. Then, the force created in the pack by Li-ion intercalation can be estimated while also accounting for preload effects. Based on the battery cell or pack model, optimal displacement or strain sensor locations and the optimal number of sensors needed can be determined during design.
Another related example is related to predicting the constrained swelling shape on the surface of the battery cells in pack conditions at the fully charged state. This shape is shown in Fig. 8(a) . Relatively large swelling can be observed in the center region between the areas of contact with the spacer. This result suggests that geometric constraints on the cell swelling due to spacers are important in pack conditions. Moreover, the pattern of swelling is repetitive and the amount of swelling (especially in the areas where there is no contact with the spacers) is the same in the center region, which is the area of contact between the jellyroll and the casing. Therefore, an appropriate location for placing the displacement or strain sensor in pack condition is the center region, in an area without contact with the spacer. Fig. 8(b) shows the swelling predicted by the model over SOC in the center region, at a location where there is no contact with the spacer. The overall shape of expansion versus SOC is similar to the shape of the free swelling, indicating that innate characteristics of Li-ion intercalation swelling are observable also in constrained conditions. However, this swelling is an order of magnitude smaller, suggesting that high precision displacement or strain sensors are needed to use this information for estimating the SOC or the state of health (SOH).
The force due to Li-ion intercalation swelling in pack conditions was simulated (Fig. 8(c) and (d) ). The main purpose of this simulation is to estimate the reaction force as a function of SOC between the spacer and the exterior walls, and comparing the estimated force from the 3-D model to that from the 1-D force model. The force from the 1-D model was estimated from Eq. (6) assuming that the initial displacement is zero. Hence, these simulation conditions correspond to the force due to Li-ion intercalation swelling without preload. This force also can be estimated from the finite element 3-D model. The variation of the jellyroll swelling due to the Li-ion intercalation ( Fig. 7(d) ) and its equivalent modulus of elasticity (Fig. 6 ) over SOC were used as input parameters ranging from 0% to 100% SOC, with 10% increments. The reaction force between the spacers and the exterior walls was calculated with the 3-D model (Fig. 5) . Two half spacers as well as the case and the jellyroll are used in these simulations. These results corroborate the hypothesis that the force can be modeled with the nonlinear spring element reflecting the dependency on the magnitude of swelling (Eq. (6)), and the equivalent stiffness can be converted to an equivalent modulus of elasticity (Eq. (8)).
Conclusions
The mechanical properties, of either stack stress, strain, or a combination thereof, can provide inputs to SOC or SOH estimation algorisms and ultimately prolong the lifespan of the battery, not only of the cells but also of the packs. For these purposes, three phenomenological models are proposed based on the measured force and free swelling to depict the Li-ion intercalation behaviors. The 1-D models addresses the equivalent 1st order relaxation or the nonlinear stiffness representing the force dependency on the magnitude of swelling, and thereby enables the proposed models to capture the transient swelling during the rest periods or steadystate force. The 3-D finite element model introduces the orthotropic expansion of the jellyroll and the equivalent modulus of elasticity to predict the swelling shape of the battery cell over SOC.
The 1-D models proposed herein are computationally effective and easily implementable for BMS for efficient control of battery cells and packs. These novel models are useful for electrified vehicles where unexpected exposure of the battery pack to severe environments can have dire consequences. For example, the fusing information from voltage, swelling, and force measurement enables BMS to estimate SOC more accurately and robustly, similar to Ref. [37] . The combination of the proposed models with electriccircuit models and thermal swelling models can predict the stresses due to Li-ion intercalation and that due to thermal swelling, and thereby facilitate more enhanced power strategies in BMS, similar to Ref. [28] . The framework can provide potential utility for the SOC or SOH estimation as a standalone algorithm or in hybrid forms with existing algorithms [22, 38, 39] because swelling and its induced force are related to battery states and degradation. This work opens the door for an enhanced battery management system through the incorporation of mechanical measurements.
The proposed pack model also enables the creation of parametric reduced-order models for the fatigue life prediction or optimization of the HEVs [49] , and thereby reduces the calculation time. The swelling shape can be extracted from the proposed model and compared to measured swelling data for enhanced power management or to facilitate SOC estimation and diagnostic algorithms because the swelling shape due to Li-ion intercalation is constant over SOC [26] . Ultimately, implementing in-situ monitoring of strain inside individual Li-ion battery cells with the proposed model in BMS holds great promise in improving the safety of a pack by allowing earlier detection of the onset of fracture or outgassing, which can lead to performance degradation of the cell.
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